OXYGEN DIFFUSION INTO CELLS

R. W. GERARD
(From the Department of Physiology, University of Chicago)

Krogh (1919) determined the coefficients of diffusion of oxygen
through surviving frog muscle and through fascia by using these as
tissue membranes and measuring the gas diffusing through under
given conditions. He applied the measured values in a formula
relating capillary size and number to the oxygen needs of muscle
in vivo.

These constants have been utilized by subsequent workers for
substitution in other equations applying to the equilibrium state.
Warburg (1923) developed an equation relating the necessary oxygen
pressure to the metabolism and thickness of a slice of isolated tissue.
Fenn (1927) and Gerard (1927) independently presented analogous
equations for a cylinder of tissue, and A. V. Hill (1928) has extensively
surveyed the general question of diffusion in tissues and developed
several formulae for the attaining of equilibrium as well as for the
equilibrium state. Applying these equations to the specific question
of diffusion of phosphate ion (Stella, 1928) and lactate ion (Eggleton,
Eggleton and Hill, 1928), the values for the diffusion constants
obtained suggested that these ions moved mainly in the intercellula:
fluid and with much greater difficulty across cell boundaries.

Should a similar situation obtain for oxygen, the calculations
based on Krogh's constant might be considerably in error, and in
any case, since this value has been so widely used, any further checks
on its magnitude should be of value.

The simplest situation for studying oxygen penetration into living
cells is offered, of course, by the unicellular organisms, which present,
mainly, the problem of the sphere. Tt was the original intent of this
work to evaluate the diffusion constant for cells as the only unknown
in a simple equation, but it soon became apparent that a more searching
examination of the assumptions made in such a simplified derivation
was necessary. The elementary equation for diffusion into a sphere
is easily derived as follows:

At equilibrium, the amount of oxygen diffusing into a mass of
tissue must equal the amount consumed by it in the same time.
For unit time, the inward diffusion depends on the surface area

(477* for the sphere); the diffusion coefficient, D; and the gradient
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of oxvgen concentration along a radius, dC dr, C being the oxygen

concentration at radius ». The consumption of oxyvgen by a sphere

of indeterminate radius, 7, 1s the product of the measured consumption
mass

per unit volume <= o = mass X 0.95 for most protoplamn) , 4,
sp. gr.

. + . ey
times the volume, 5 #7*. At equihbrium, then
3

Lrep € _ 2 Ty
dr 3
or
dC Ar
dr 3D’ )
which gives on integration
Art .
C oD + K.

At » =0, C = K and K therefore represents the oxygen concen-
tration at the center of the sphere. °

In the case of most tissues so far studied, the oxygen consumption,
A, has been found to be independent of the oxygen pressure over a
wide range. The assumption has been made in this derivation that
consumption in any one region is independent of oxygen concentration,
provided this 1s greater than zero. Then for the eritical condition
where the oxygen concentration just reaches zero at the center of the
sphere, K = 0, and the oxygen concentration at any level in the sphere
15
Art

C=%p

and at the surface, » = r,, the critical concentration of oxygen needed
to just msure a supply at the center is

_Ard 5
Co = ) (2)

and
D= ‘(i(roo . (3)

A may he fairly simply determined with one of the available
methods of measuring oxvgen consumption, and Cp is that concen-
tration of oxygen in the medinum which just gives full values of oxygen
consumption.  With lower concentrations the observed oxygen con-
sumption begins to fall off.  If the radius of the cell is known, a simple
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means is available for obtaining the oxygen diffusion coefficient, or
for bringing out the invalidity of assumptions as to the conditions
of respiration.

It may be stated at once that the results of applying this simple
equation to a variety of cells, as compared with results experimentally
obtained, show such great variation as to indicate that other factors
than the simple diffusion constants must be involved. Tt is necessary,
then, to examine in some detail the assumptions made in the above
derivation. Probably the most important is that just expressed,
namely that the oxygen consumption of any region is independent
of the concentration of oxygen at that region. This will be examined
later. Other assumptions of little probable importance in the case
of tissues may become extremely significant in the case of the individual
cell. These are, first, that the oxygen consumption per individual
region is a constant throughout the cell, that is, that the total con-
sumption divided by the total volume gives the true consumption of
each region. This is certainly not necessarily true, as the rate of
respiration of a nuclear region or a cortical region might clearly be
very much greater than that in other regions. [t is also implicitly
assumed that the diffusion constant, whether equal to that of Krogh
or not, is at least constant throughout the cell. This also is not at
all certain; in fact, in view of the previous discussion, it is entirely
possible that the constant would vary widely across the membrane
and in the cell interior.!

The mathematical development which follows is designed first to
include all possible cases in which diffusion or consumption in two
concentric regions of the cell are not assumed to be equal; and, fol-
lowing that, the more difficult case of the dependence of consumption
on oxygen concentration will be considered. In this treatment I have
called freely upon the expert assistance, generously given, of Dr.
Walter Bartky of the Department of Astronomy at this University.
The final section of the paper will apply the equations derived to the
data available in the literature as well as to our own measurements,
in an attempt to evaluate the conditions actually existing as regards
respiration. Obviously, the derivations apply equally to other dif-
fusable substances formed in and leaving or entering and utilized by
the cell.

1 The further complication, in many cells, of protoplasmic streaming cannot be
handled rigorously. It is probably not significant in bacteria, yeast, or even Arbacia
eggs; and when it is present, the stirring action would act as a decrease in radius in
lowering the diffusion limit.
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1. Oxygen Consumption not Alike in All Portions of A Sphere
a. Limited to a central core (nuclear respiration).—l.ct () = the
total oxygen consumed by the cell; C = the oxygen concentration at
radius, 7; ro = radius at cell surface; ¥’ = radius of respiring region.
The oxygen diffusing into a sphere centered at the cell center and

dC .
of any radius, r, equals 472D qr When » = 7/, all oxygen consumed
by the cell must pass through to the region of consumption, so:
dC
dxrPD = ().
dr ¢

The consumption per unit volume in the non-respiring portion of
Q .

73

the cell is zero; of the respiring portion:4

5 T

@)

When r = /', then, the oxygen passing the shell must equal the
volume within this shell times the consumption per unit volume, or

dzr ZD{IE = i‘ xr’ O—
9 % 3
3
Then
(ji—g = I(r)"D’ when 7=/, (4a)
-
((% P i}QD when r =/ (40)
0 T
Integrating:
C = 43)1‘ + Ay, =, (3e)
Or 7 -
= 671"[))’0 + ]\g, r=r. (Db)

IFor the critical condition, € = 0 when » =0 and C > 0 for

r > 0, then Ky = 0; and since ( is continuous at » = r/,

)

0 Y
~TEor TR T o
or
30
i = SzDr’

So that, from (5u),
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’
D

0 /3 1
o = 47r1)<_>7’ - r(,> ' (6)

(C. = oxygen concentration needed at the surface, radius = 7y, to
just insure full penetration, in this case when all the oxygen is con-
sumed within a sphere of radius ")

For the special case when # = 7y, or oxygen consumption is
uniform throughout the cell, this reduces to

At the cell surface r = ro = r

Co = 5oDrs

or, since A = consumption per unit volume,

Q

4 = i 3,
3 wty
and therefore
_ ‘4 7’()2
Co="6D"
the original equation.
In general,
C. 3
g rf“ — . N

It is readily seen from equation (7) that as #’ decreases relative
to ro, the critical oxygen pressure needed, C., increases rapidly relative
to Co. When v’ = Wr, C. = 4Co; when ' = r,, C. = 10(,.

b. Oxygen consumption limited to an outer shell (cortical region).
—By an entirely analogous derivation it can be shown for this case
that

Co_ (n+2r)(ro = 1) )
Co rd -+ g’ 4 1°

From this equation it appears that as the respiring shell of thickness

. ©C :
(ro — ') thins, =° decreases towards zero. When

’Co
Ce C . Cs -
’ = ), =2 = "= Ly = = c ¢ = 3y =S = 0.27:
r O'Co' is r ,_ro,co 0.57; r ,41’0,C0 0.27;
r' = 0.9r,. % = 0.10.
0

c. Oxygen consumption present throughout cell, but more or less
intense i an outer shell—This will be considered in the general case
below. See Equations 17 and 18.
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2. Diffusion Constant Different in Central and Cortical Parts of Cell

If the diffusion constant is smaller at one region than another—
as that of a relatively impermeable membrane is small compared to
that of a permeable cell interior—the following derivation becomes
necessary.

Let the diffusion coefficient be D’ for the cell interior from » = 0
to r = v'; and D for a superficial shell, » = ' to » = ro. Then, by a
familiar derivation,

) dCc 4 daCc _ Ar
" 2y 2= . = 3A . - = =
When r» =7/, dar’D dr 3 ity dr 3D
) s om dC 4 i dC  dr
When _# =/, 4”D(F_3-WGA’ dr — 3D

Integrating between limits, and assuming C = 0 for r = 0, and
C>0forr >0,

,_Ar'?

¢ =

, Al — 1"
O = Ol — -

where €7 is the concentration at »'.  Combining,

Al - 7’ "
Co—?)(—])———i—ﬁ . 9)

which reduces to the simple equation (2) when D = D’ or v/ = r,.

[t 1s obvious from (8) that if the cell membrane is thin compared
to the cell radius, that is, #’ is nearly as large as ro, its diffusion constant,
D, must be very small in relation to that of the interior, D', to affect
Co. Tor example, to double Cy when " = 0.9r, D must be 0.16D7;
and when 7 is 0997, D = 0.02D". To increase €, ten times: for
r=09r, D =0.012D"; for 7 = 099 D = 0.002D'. Since it
appears from the work of the Eggletons and Hill (1928) that the
diffusion coefficient for ions across the cell surface may he one hun-
dredth as large as in the cell or intercellutar fluid, this factor obviously
might be of importance for oxyvgen diffusion.  But unionized molecules
appear to penctrate membranes much more easily than do ions, so
that the analogy may not hold.

In all the above derivations the critical oxygen pressure at the
cell surface has been caleulated. That is, assuming that the oxygen
consumption of the whole cell remains at its maximum value, what is
the necessary external pressure as the various conditions within the
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cell are changed? It is next desirable to investigate the oxygen
consumption-external oxygen pressure curve below this critical value
and to examine its shape for the simplest situation.

Let r represent the depth of oxygen penetration, z.e., C = 0 for
values of r such that ry =7 = 0, and C > 0 for » > r;. And let C,
represent the oxygen concentration at the surface, r = 7.

. .. 4
Then, as the respiring volume = 3 w(r* — n®),

ZhdC 4
47D 9 =3 TA(r — r),

dC A — n')

dr 3D
_ A4 Topf =t

o= 3Df,‘ re
4 rd 3,
“3D(2+70 é“) (10)

Similarly, the oxygen consumed is:

Q= 47rf0A7’2d7’,

V= 4—’# (ro® — ). (11)

Take units such that 7o = 1, and that C, = Co =1 for n, = 0,
and also that Q = 1 = Qg for r, = 0. Note that with this selection
RA , D= L The relation between Q and C
47 87
for the general case is then expressed in terms of 7 as a parameter:
From (10)

of units, % =6, A=

Cs =1 7’12(3 - 2I’l)v

Q:l—rl-?'

which give the following values (Table ). The corresponding curve
1s given in Fig. 1.

Still more generally, assuming only that A is constant as regards C,
the following derivation includes all cases involving a single concentric
zoning of the cell as regards respiration and diffusion.

Let 7’ represent the surface separating two cell zones.

Let D’ and A’ represent the diffusion coefficient and unit oxygen
consumption for the nuclear region, » < r; and similarly D and A
represent these values for the cortical region, r > #'.

and from (11)
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Cx r Q
an o Qo
1.00 0.0 1.00
0.90 0.2 0.99
0.65 0.4 0.94
0.50 0.5 0.87
0.35 0.6 0.78
0.22 | 0.7 0.66
0.10 ‘ 0.8 0.49
0.04 ‘ 0.9 0.27
0.00 ‘ 1.0 0.00

|

Let r; represent, as previously, the depth of oxygen penetration.
In the following it is assumed that », = 7/, for when r; > ' the situa-
tion reduces to the simple cases previously considered, inasmuch as
no oxygen reaches the inner sphere where conditions are different.

10 T T T T T S —— =

//T_z’_
08 i i !
0.6 i

02

0 01 02 0.3 0.4 0.3 0.6 07 0.8 0.9 1.0

oo

i, 1.

l.et €7 represent the oxygen concentration at r = r'; C; the oxygen
concentration at the cell surface, » = ro; and C. the critical surface
concentration to just insure complete penetration. Ifor the simple
case, C. = C.

Then the derivation, along the previous lines, is:

lorr <7/, darrD C = -1- /(= 1) (12a)
dr 3
r>r e 4E o on a2 Yaa — . (120)

dr 3 3
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Simplifying:
. dC A" (= r?)
For r < 7/, ST (el
et dr 30
and integrating from r; to »’:
A 32
QL (N RIS I
s 31)'( 7T T (9
Similarly:
dC A’ (= r?) A — r’;)
For » > #/, — =
dr 3Dr? + 3Dr*

and integrating from 7’ to rg:

, A =) 1 1‘)./1 red 3
C=C=—"p \r n)tp\z % 2" )

0/ 3

From (13) and (14)

——Al(rl3_1,13)(1 1 A (}’02 I’I:{ 3 2
GC=—=p \v n)tm\zt5 7

Equation (13) may be explored as follows:
For r; = 0, that is, at the critical external oxygen pressure,

At LN A frd 7 30, A"
o= (7’ ro/ »1)( +_0_§ >+6D" (16)

Forrn=+ =20

B ‘4},0‘2
Co=%p "
Forrn =0,7 =rg
__/1"}’02
Co = <D
For r, = r'
TN O o et )
= e\ - 3r7 ). ee Equation 10.
Forrn =171 =r
C,=0
For D D’

A3, e y P = A (rd " 3,
Cs_s—f)[i(’ - T, ]+3D<2+r0 2"
_ - A')r’2<2r_’ \ L Ard A (2; -3}

+ 6D (17)

7o
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If 1l =" orn =7,

= . A o 2)’13 3%, . = 5
Forr, =0, C, = op \ 7o +- - 3n? ). (See Equation 10.)
A=A\ a2 N Ar
If A=,
For I = A’
. A re? — 1" (1 10 A (r’2 n 3,
& ‘3—1)[_2—_ (=)t (T —an
2]’13
A1 1 2 A (N e e
== == 4 = el (L . g
0 (1)' 1)><’ 5 >+o D D’ (19)
If D= D'or n =¢,
£ 21 . .
For r, = 0, C, = 0—% (rl,? - % — 3;‘3) (See Equation 10.)
\ 0
A [rd = " Ar?
Co = 31’)( 2 > *on
9 2 2
= —g <£(,T)r_ + 1%,) . (See Equation 9.)
=10,
- Argd
G =%p
The expression for oxygen consumed per cell is:
Q= dnd’ ] rdr + 47 [ rdr
= LAl — ) + AGE — )] (20)

Table IT and Fig. 2 give the Q — C, curves obtained for various
relationships of T
."(;‘ [)’ ' _']’

Consider hnally the general case where A« f'(C) and is not always

a constant, though approximately so for high values of Cy. The

dC

amount of oxygen crossing a spherical surface of radius r is 47r*D ==

dr
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therefore that consumed in a shell of internal radius = r, external

radius = » + dr, is
47r<r21)(—1~('> — -17r<r2])(£9
dr / |rvar dr

This is equal to the consumption per unit volume times the
volume: A4wridr.

A is some function of C = DF(C), where F(C) does not decrease
with increase in C, i.e., a monotonically increasing function of C.

Then
IO\ _ (i
<rD(ir>r+(zr <der

) (!,§>
d<der/

dr

and, assuming D independent of C and 7,

d <r2£;>
dr R i
— = 12F(C). 2D

dr

The total oxygen consumption of a cell is

0 =f " Adrrdr
(4]

= 42D fOF(C)ﬂdr. (22)
«/0

r

= DIF(C)ridr

or

= r*DF(C);

Q as a function of C, is an experimentally observable relationship,
from which it is desired to obtain F(C). Consider the most general
case, that is, either C = 0 for » = r1, where 1 = 0, or C > 0 for all
values of ». For this latter, always take r; = 0 in what follows.
Integrating (21) between 7; and 7,

r

7’2(%: = r*F(C)dr,
L j P2F(C)dr;

1

and integrating between 7 and rq,

Co—C = f}(f rQF(C)a’r>dr,

@ = @ — f%([ r?F(C)dr>dr. 23)

or
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C, is the largest value of C and hence F(C.) is the largest value
F(C) can have. Replacing F(C) by this constant maximum value
and also, in the case r # 0, replacing » by 0 (this gives a larger range

) | | ] 7

-

08 / V / //

06 , e
a 3
e 04 / pl / /

N
v

0 ! ! | | !
0 04 0.2 0.3 04 0.5 0.6 0.7 08 0.9 1.0
Y
Ce
Curve _"1_ D '_’
A D’ 7o
1 5.0 1.00 0.67
2 1.0 1.00 1.00
3 1.0 0.10 0.98
4 0.2 0.10 0.90
5 1.0 0.01 0.90
6 0.2 0.01 0.98
See text for details.
FiG. 2.

of integration, so that a larger value of the integral is obtained),

we have
c=c, —j ;( f TQF(Cs)dr>dr.

And, completing the integration,

cz=c - Tgp—p, (24)
Hence, if F(C;) is such that
6C,
F(Cy) < o
0

C is greater than 0 for any . That is, if 7(C) is such a function that
B

1’02

F(Co) <
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for a certain range of values of C,, then in this range C is greater
than 0 for » = 0 for any C,. In the further development this in-
equality will be assumed for the range of C. employed. A first

=

. . . . 6C
approximation may be obtained by assuming F(C) <« S (See later.)
0

Then from (24) C is approximately equal to C,. And, as a second
approximation,

C=c, — fr—] (f reF(c,)dr> dr

F C 92 9
= C.s - *(—82 (7’0" - 7").
0
Returning to equation (22), the first approximation gives

Q =4sD f’o F(Cy)rdr
0

_ 4xDF(CYrs |
- 3
3
That is, for high C Q = EF(C.); where b = i”?r“ . U G

second approximation,

0 = 4xD f F[ Co — F—(OQQ (rit — %) J rdr.

Expanding, assuming C; large compared with F(()CS) (re® — %),
B To 1“(‘ C_‘) 9 9 (] F( Cs) 2
()—-h[)j; [T(Cs) = (re* — %) iC. }rdr

(25)

+xDrd F(C) [ _r?dF(C) ]
3 ]S (/(“8

This shows that the effect of diffusion (in lowering C inside the cell
and therefore A and Q), represented by the term in brackets, 1s very
dF(Cy) .

small unless —— " is very large.
dC, -

Fxperimentally, @ is obtained as a function of C.. Dropping
the subscript, s,

ri® d F(C)

e |y rEdF(O) -
0(C) /el(C)ll s (23a)

v O0C) ., . . . .
Let F(C) =~ 3 + r2l1(C) 4+ higher powers of ry times functions of
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C. Substituting in (23a)

Q(C) = Q(C) + krflI(C) — Q(C) 17;’/ d(;(cc)

plus higher powers of 7o times functions of C, or

0(C)dQ(C)

G 15k dC

Hence

F(C) = O(C) 7()1<S)/(eC)(1(5(CC)++

_ 3()(C) <1 n 1 dO(C))
47!'D7’03 207TD}’0 dC

By Taylor’s theorem, neglecting higher powers,
) %
K = 9,

where
70 .
C* = C+1%, 0(C);

and since
A(C) = DF(C),

therefore
A(C) = Trrd — Q(C*) (26)
and (
Q(0) -
= C+ 50ubre 7)

I't will be noted that the larger the value of D, the more nearly do
Q(C) and Q(C*) agree. (Q decreases with decrease of C more rapidly
than does the true function 4 (C). Thisis due to the factor of diffusion,
making C at interior regions of the cell lower than C.. Obviously
the closer C approaches C,, the more nearly will the observed oxygen
consumption of the whole cell equal the theoretical consumption per
unit volume where this volume has an oxygen pressure of C, through-
out. The higher the diffusion constant and the smaller the radius,
the closer will the approach be. The effect of D is apparent in equa-
tions (26) and (27), but an increase of radius, 7o, might at first seem
to likewise reduce the diffusion factor. \When it is recalled, however,
that Q(C), the total consumption of a cell, varies with 7, it is clear
that the diffusion effect increases as the square of the radius.

For unfertilized sea urchin eggs, Tang (1931) has obtained the
data necessary for the calculations. These indicate that the maximal
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correction is 0.5 per cent, if the diffusion constant be as assumed.
For a constant 100 times smaller, the correction is important, and
this case is illustrated in Table HI and the resultant A(C) curve

Tapre 111
IFor unfertilized A rbacia eggs:
(%o = 6.7 X 10712 ¢cc. O, per minute, per egg.

D = 1.1 X 1077 cc. O per minute, per cm.? per diffusion gradient of one atmosphere
per cm. (1/100 Krogh's value assumed).
C. = 0.1 atmosphere.
ro=3.8 X 1073 cm.
1 2 3 ' 4 ! 5 \ 6 ] 7 | 8
R G 0o | Qe ' x| 0CH | oen |
s s X 1010 oo : X 1070 | —ho | X 1073
0.100 1.00 6.7 1.00 0.125 6.7 1.00 2.92
0.000 0.90 6.6 + 0.99 0.115 0.7 1.00 2.92
0.063 0.65 6.6 — 0.98 0.090 6.6 + 0.99 2.89
0.050 0.50 6.4 0.96 0.074 0.6 0.98 2.80
0.035 0.35 6.2 0.92 0.057 6.5 0.97 2.83
0.022 0.22 | 5.7 0.85 0.044 0.3 0.94 2.74
0.010 010 4.4 0.60 0.027 5.9 0.88 2.57
0.004 0.04 3.1 0.46 0.016 5.0 0.75 2.19
0.000 0.00 ‘ 0.0 0.00 0.000 0.0 0.00 0.00
}

shown in Iig. 3. For luminous bacteria, because of the very small 7o,
the correction turns out to be entirely negligible and the Q(C) curve
as observed is also the A(C) curve (IFig. 3).

Columns 1 and 3 are taken from the data on Arbacia eggs. These

10
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